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Numerous authors have given various notions of Darboux property for 
transformations defined on spaces more general than the real line. Among 
them, Neugebauer has defined a Darboux property for real-valued functions 
in a Euclidean space in terms of his Darboux sets and proved that 
derivatives of certain interval functions possess the Darboux property [S 1; 
Bruckner and Bruckner have introduced a notion of Darboux property for 
transformations from a Euclidean space to a metric space relative to some 
preassigned base for the domain and showed that certain known theorems on 
Darboux functions are also valid in their general setting [ 1 ]. 
Being motivated by the work in [ 11, we study in this article another notion 
of Darboux transformations. A local characterization of Darboux transfor- 
mations, which generalizes a result found in [2], and a necessary and 
sufficient condition that a Baire type 1 transformation possesses the Darboux 
property are obtained. Moreover, it is shown that the above result concerning 
derivatives of interval functions and a theorem on approximately continuous 
transformations by Goffman and Waterman [3] may follow as our special 
cases. 
Throughout this paper, we shall use X to denote a Euclidean space, p the 
usual metric on X and X* a metric space with metric p*. If A (A *) is a 
subset of X (X*), then x (x*) is the closure of A (A *) in X (X*). Also, ..d is 
a (topological) base of connected sets for the space X such that any trans- 
lation of any set in 9 is also in 59. 
It is found in [l] that a transformation f on X to X* is defined to be 
Darboux (9) if f(o) is connected for every U E 9. Now we give another 
notion: 
DEFINITION. f: X+ X* is Darboux [9] if f(d) is connected for every 
iJ E .9’, whenever 0 is a set such that U c I? c 0. 
Remark 1. Clearly, a Darboux [9] transformation is Darboux (9). If 
.9 satisfies a condition called (**) in [l] (i.e., if x E 0 and U E .9. then 
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there is a VE 9 such that x E v and v- {x) c [/.), then a Darboux (9) 
transformation is also Darboux [A?], 
Remark 2. To show that f is Darboux [9], we need only show that 
f (VU {x)) is connected whenever x E 0 and U E 9 since a set 0 with 
U c UC u is the union of sets UU {x}, x E 0~ I? 
THEOREM 1. Let X* be a Euclidean space. Then f: X + X* is Darboux 
[A?‘] ifand only if,f or every x,, E X, the following conditions hold: 
(i) rf UE 9 and x, E 0, then f (x,) E f (U). 
(ii) If U E 9 and x0 E u, then either f ( (U U (x,Z, is continuous at x0 
or there is a connected set K* c f (U) such that (J F=, f (S,(x,) n v) c K*, 
where S,(x,) = {x E X: p(X, X,,) < l/n). 
Proof: The conditions at every x,, E X are obviously necessary. To prove 
the sufftciency, we argue by contradiction. Suppose that for every x0 E X, 
conditions (i) and (ii) are satisfied but there are a UE 9, a 0 such that 
U c 0 c I? and f (@ is disconnected. Then there exist open sets A * and B * 
in X* such that A*nf(t?)#la#B*nf(~), f(@)cA*UB*, and 
A*nB*nf(n=0. Let A=f-‘(A*)no, B=f-I(B* Then 
AnB=0, A#0#B and AVB=& Let P be the boundary of A in 0 
(hence also the boundary of B in r7), that is, P = If-7 Bn 0. Let P, = P n U. 
Using the technique for the proof of Theorem 1 in [ 11, we can show (without 
the condition (**) on 9) that 
(1) P,#0 and AnP,,BnP, are dense in P,. 
We assert that, for d > 0 and E > 0, the following hold: 
(2) For each p E A n 17, there exists VE 9 such that 
pEVc7cU and f(oni?*(f(p),d)cs*(A*nf(U),e), 
(3) for each p E B n U, there exists V E 9 such that 
pEVcczU and f(V)nS*(f(P),d)cs*(B*nf(u),&), 
where s*(f(p), d) = {x* E X*:p*(x*, f(p)) 5 d}, ,*(A* n f (u), E) = 
{x* E X* : p*(x*, A* n f (U)) < E) and S*(B* n f (U), E) is defined 
analogously. 
To prove (2), let p E A n U be given. Then p E 0 and, by (ii), there is a 
connected set K* c f(U) (in case f ] U is continuous at p, we take 
K* = {f(p)\) such that 
fi, f (Up) n W c K*. 
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Since K* is connected and K* c f( U) = (A * n f( U)) U (B * n f(u)), we 
must have K* c A * n f(v) or K* c B* n f(U). Noting that 
f(p) E 6 f&(p) n u) c if* PI=1 
and that A * is a neighborhood of f(p), we conclude that A * n K* # 0 and 
K*dB*nf(U). Therefore K*cA*nf(U) and &*cS*(A*nf(iJ),&). 
Now S*(A * n f(v), E) is open, f(S,(p) n U) n s*df( p). d) is compact for 
each n and 
By Kelley [4, p. 1631, there exists n such that 
f(S,(p) n u) n f*(f(p), 4 = S*(A * f-7 f(u). ~1. 
Since S,(p) n U is a neighborhood of p, there exists VE .a such that 
p E V c rc S,(p) n U. It follows that 
Thus (2) is proved and (3) can be proved analogously. 
We are now ready to complete the proof for the theorem. By (1). we can 
pick p, E A n P,. By (2), there exists V, E 9 such that p, E V, c p, c U 
and 
f(t,)nS*(f(pI), l)cS*@*nf(V, 1). 
Clearly, we can choose V, with the diameter of V, < 1. By (1) again, there 
exists pz E B n P, n V, . Let _d, = p*(f(p,), f( p2)) + 2. By (3). there exists 
VzE.9suchthatp,EV,cV,cUand 
S(C) n ~*(f(P*), 4) c S*(B* n.ff(u), j,. 
Again, V, can be chosen such that v, c V, and the diameter of V, < t. 
Continuing in this manner, we get a sequence of points (_P~} and a sequence 
of sets (V,) in .9 such that, for k = 1,2 ,... Y pk E V, c Vk c Vk , (we take 
V, = U), diameter of V, < l/k and 
f(VJ n S*(f(pk), 4) = S*(Qk*. l/k). (4) 
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where dk = p*(f(p,), f(pk)) + k, Qf = A * n f(U) if k is odd and 
Q: = B* nf(U) if k is even. There exists a point p0 such that 
{p,}= fi v,cu. 
k=l 
Let X,(X,) be the set of all odd (even) integers k withf(p,) E s*(f(pk), dk). 
If both K, and K, are infinite, then it follows from (4) and the fact p,, E U 
that 
f(pJ E A * n f(U) n B * W(U) n f(U). 
On the other hand, A *, B* are open and A * n B* nf(U) = 0 imply that 
A * n f(U) n B* n f(U) n f(U) = 0. This contradiction shows that either 
K, or K, must be finite. Suppose that K, is finite, that is, there exists k, such 
that, for all odd k > k,, f(p,) @ i?*(f(pk), dk), or equivalently, 
P*(.fhdf(Pk)) > dk =P*(.f(P,),f(Pk)) + k. 
Consequently, 
for all odd k > k,. This is impossible. If we suppose that K, is finite, we also 
arrive at a contradiction. Theorem 1 is proved. 
Remark 3. If X* is not assumed to be a Euclidean space but f(X) is 
compact in X*, the proof for Theorem 1 still can go through and hence 
conditions (i) and (ii) at every x0 E X are necessary and sufficient forfto be 
Darboux [.W]. 
Remark 4. In case that X and X* are the real line, Csiszar defined [2] 
that f is Darboux at x0 E X if, for each h > 0, Z,(x,) ~f((x,, x0 + h)) and 
Z,(x,) cf((x, - k x0)), where 
and 
Z,(x,) = 
( 
- 
lim S(x), Jymo f(x) * 
x-.x0 1 
x<xa xcxo 
He proved thatf : X+X* is Darboux (in the ordinary sense) if and only iff 
is Darboux at every x,, E X. 
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In view of Theorem 1, we can also define f : X -+ Xx is Darboux [9) at 
x0 E X if conditions (i) and (ii) are satisfied. Now we want to show that in 
case X and X* are the real line and 9 is the family of open intervals in X, 
the notion Darboux [A?] at x, E X agrees with that given by Csiszir. 
First we assume that f is Darboux [9] at x,,, that is, (iJ and (ii) are 
satisfied. Let Cl = (x0,x,, + h) for some h > 0. Then x0 E .!I and U E 9’. 
Clearly, for each n, S&J n WE 9 and x0 E S,(x,) n U. By (i). 
f (x,) f f)z=, f(S,(x,) n v). It is obvious that 
Thus the point 
is in n,“= I f (S,(x,) n U). Similarly the other endpoint of 1,(x,) is also in 
n,“= ,f (W,) n co. H ence either there 1,(x,) = @ t f ((x,, x0 + h)) or 
exists KX as stated in (ii) such that 1,(x,) c I?*. This implies that 1,(x,) c 
f ((x,, x0 + h)). Similarly 1,(x,) c f ((x, - h, x,)) for h > 0. f is Darboux at 
x0. 
Now we assume that f is Darboux at x0. Let U E .8 such that x, E 0 be 
given. There are only three possible cases: (1’) U= (x,, x0 + h), (2’) 
U = (x0 - h, x,), and (3’) U = (x0 - h, x0 + A’). where h and h’ are positive. 
For cases (1’) and (2’), if I, (x0) = 0 (# stands for r and I for cases ( 1’ ) 
and (2’) respectively), then fl (UU (x0}) is continuous at x0. If 1,(x,) # 0, 
we take K* =1,(x,). For case (3’) let U, = (x,-h, x,), U,. = (x,, x,, + /I’). 
f&J = minI!&,+ ,,,f (xh f (x,)L .&J = maxllim.,-,lf(x),f(-~,,)~ and 
K* = CfkA &d, u if C-d 1. 
Then K” is connected and K* = 1,(x,) U Z,(x,) U (f (x0)} c f (Or). Moreover. 
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where the second equality follows from the fact S,(x,) 3 S, + ,(x0) for every 
n. Obviously, f(.x,,) E f(v). Thus f is Darboux [A?] at x0.  (x ,) U). 
In Theorem 2, property (Z) is an analogue of a property considered by 
Zahorski [6]. 
THEOREM 2. Let X* be separable and f: X + X* be a transformation of 
Baire type 1. Then f is Darboux [A?] if and only ifproperty (Z) is satisfied: 
(Z) If V* is open in X* and _x,, E f -‘(V*), then 
Unf-‘(V*)-(x,}#0forevery UE9 withx,EU. 
Proof We first prove that property (Z) is necessary. Suppose that f is 
Darboux [A%‘] and V* and x,, are given as in (Z). There exists open set VT in 
X* such that f (x0) E VT c v: c V*. Let U E 9 such that x, E 0. Set I? = 
UU (x,}. If Unf -‘(V*) - (x,,} = 0, then onf -‘(V*) - (x,,} = 0 and 
f(d-{x,})cx*-v*cx*-q. 
Since f (x0) E V:, f (@ = f (o- {x0}) U {f (x,,)} is not connected, a 
contradiction to the assumption that f is Darboux [.A?], 
Now we assume that property (Z) is satisfied and want to show that f is 
Darboux [9]. By [I, Theorem 21, f is Darboux (9). (The hypotheses that 
X* is separable and f is of Baire type 1 are used here.) It follows easily that 
f(U) is connected for every U E 9’. Suppose that f is not Darboux [A?], then 
by Remark 2, there exist x, E X, U E 9 such that x, E 0 and 
f (UU c%l) =f w u if ~xcl)~ is not connected. Thus f (x0) 65 f(U). Let 
V* = X* -f (u>. We see that property (2) is violated. The proof is com- 
pleted. 
Remark 5. The family of open connected sets U c X such that every 
point of 0 is a point of positive upper metric density of U can be taken as a 
base 9 for X (it satisfies the condition mentioned at the beginning of this 
work). Let f: X + X* be an approximately continuous transformation. Then f 
can be easily seen to satisfy property (Z). It is shown in [3] that f is of Baire 
type 1 and that f(X) is separable. By Theorem 2, we can conclude that f is 
Darboux [A%+], a result found in [3]. 
Remark 6. Let {I) be the collection of all closed intervals in X, and ~1, a 
real-valued function defined in (I}, be continuous, balanced, and differen- 
tiable with derivative o’. (For these concepts, the reader is referred to (51.) 
For each positive integer n, let Z,(x) denote the cube 
( y E X: x - (I/n) =( y 5 x + (l/n) (coordinatewise)} 
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for x E X. Then the measure IZ,(x)J = (2/n)” for every x E X. where 
m = dimension of X. Let f, on X be defined by 
f,(x) = rp(Z,(~))/(2/n)~ 
for each n. Then continuity of 9 implies that every f,, is a continuous 
function. Clearly, 
9’ = lim f, 
n-m 
and hence 9’ is of Baire type 1. 
In the sequel, let 9 be the family of all open intervals in X. Then the 
notion of being Darboux [A?] for a real-valued function on X is equivalent to 
that of having Darboux property in [5]. The result that 9’ is Darboux [3] 
follows from Theorem 2 and the following lemmas: 
LEMMA 1. Let 9 be as above. Then for every interval II there exists 
interval I, c Z such that s(Z,) < f&Z) and 
9(Z, )/I 1, I = 9(Z)ll ZI? 
where 6(Z) and ) I] are the diameter and the measure of I respectively. 
Proof. Suppose that 9(Z,)/lZ,] # 9(Z)/(Z\ whenever I, c I and 
s(Z,) < f&Z). If I, c Z such that S(Z,) < $5(Z) and 9(Z,)/l I, 1 < 9(Z)/l II. then 
since 9 is balanced, there exists I, c Z such that S(Z,) 2 S(Z,) < &3(Z). 
9(Z*)ll Z, I L 9(Z)ll Zl, and hence rp(Z,)/(Z,) > rp(Z)/lZj. Let xi be the center of 
Zi(i = 1, 2). Then there are cubes J,, J, of the same size such that xi is the 
center of Ji and Ji c Zj (i = 1, 2). Since I, can be shrunk gradually to 
J, ,9(Z,)/)Z, 1 ( 9(Z)/IZ] and 9 is continuous, in view of the assumption. we 
must have cp(J,)/lJ, ( < 9(Z)/lZ(. Similarly, cp(J,)/(J,( > cp(Z)/lZ(. If zc, =x2, 
then J, = Jz and the above inequalities give a contradiction. We assume now 
that x, # x2 and let 1 be the line segment joining x, and x2. For x E 1. let J, 
be the cube centered at x and of the same size as J,. It is clear that J, c Z 
and S(J,) < $3(Z) for every x E 1. The function 9(J,)/( J,(, as a function of x 
on 1, is continuous and rp(J,)/IJ, ( < 9(Z)/(Z\ < 9(JJ,)/) J, (. Thus there exists 
x E 1 such that rp(J,)/(J,J = cp(Z)/JZI. But this contradicts to the assumption. 
The lemma is proved. 
It should be noted that the existence of x E Z with 9’(x) = 9(Z)/lZ( is 
guaranteed by the lemma. This is not, however, the MV property of 9 ]S 1 
since we can not claim that x E Z“, the interior of I. 
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LEMMA 2. 9,’ satisfies property (Z). 
Proof: Let x0 E X, U E 9 such that x0 E 0 and a < p/(x,) < b be given. 
We want to show that there exists x E U- {x0} such that a < v’(x) < b. By 
the definition of @(x0), we can pick an interval Z c u such that x0 E Z - I0 
and a < p(Z)/(Zl < 6. Since q~ is continuous, there exists IO c I0 c U such that 
a ( ~(Z,JZ,~ < b. Due to the above note, there is a point x E I,, such that 
p’(x) = q$Z,,)/]Z,~. Clearly, x E U- (x0} and a < q’(x) < b. Lemma 2 is 
proved. 
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